MlCROLOCALIZATION AND STATIONARY PHASE. 



by Ricardo Garcia Lopez 1 



0. Introduction 



In this paper we make an attempt to define analogues of the local Fourier 
transformations defined by G. Laumon for £-adic sheaves in the case of formal 
differential systems defined over a field K of characteristic zero (cf. 0). Our 
main goal is to prove a stationary phase formula expressing the formal germ 
at infinity of the Fourier transform of a holonomic if[t](c? t )-module M in 
terms of the formal germs defined by M at its singular points. When K is 
the field C of complex numbers and the module M is of exponential type 
(in Malgrange's sense, see [7]), this was done by B. Malgrange, (see loc. 
cit. and [H]). In this case the only transformation needed is the one given 
by the microlocalization functor (which corresponds to the transformation 
labelled (0, oo') by Laumon, this is probably known). The main point of 
section 1 below is to treat the case of a K[t](dt) -module with arbitrary slopes 
at infinity. In order to do this, one is forced to introduce another type 
of microlocalization (corresponding to Laumon's (oo, oo') transformation) 
to keep track of the contribution coming from the germ at infinity defined 
by M. A trascendental construction of this (oo, oo') transformation was 
explained by B. Malgrange to the author, the construction we give here is 
algebraic, although we cannot avoid the use of some trascendental arguments 
in the proof. When the base field K is the field of complex numbers, we 
establish a 1-Gevrey variant of the formal stationary phase formula and we 
use it to give a decomposition theorem for meromorphic connections (the 
decompositions obtained are much rougher than the decomposition according 
to formal slopes, but they hold at the s-Gevrey level, s > 0). In section 2 we 
define an analogue of Laumon's (oo, 0') local Fourier transform and we use it 
for the study of the singularity at zero of the Fourier transform of M and to 
establish a long exact sequence of vanishing cycles. In section 3 we make a 
modest attempt to transpose part of the above constructions into the p-adic 
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setting. We define a ring of p-adic microdifferential operators of finite order, 
we prove a division theorem for them and we show that, in some cases, the 
corresponding microlocalization functor has the relation one would expect 
with the p-adic Fourier transform (in a sense which is made precise in the 
introduction to section 3). 

We will use the formalism of formal slopes and a few other results from 
D-module theory for which to refer e.g. to ^M- O ur P ro °f of the formal 
stationary phase formula follows the leitfaden of the one given by C. Sabbah 
in for modules with regular singularities. I thank C. Sabbah for his 
corrections and remarks on a previous version of these notes. Part of this 
work was done while the author was invited to the University of Minnesota, I 
thank G. Lyubeznik and S. Sperber for their hospitality. I thank W. Messing 
and G. Christol for their useful remarks. 

1. Formal stationary phase 

We will use the following notations: 

i) Unless otherwise stated, all modules over a non-commutative ring will 
be left modules. We denote by M a holonomic module over the Weyl 
algebra W t = K[t](d t ) (that is, we assume that for all elements m G M 
there is an operator P G — {0} such that P ■ m = 0). The rank 
of M is defined as rank(M) := dim^ (4) K(t) <S>K[t] M. Let ~K be an 
algebraic closure of K. There is a maximal Zariski open subset U C A-L 
such that the restriction of M to U is of finite type over the ring of 
regular functions on U, by definition the set of singular points of M is 
Sing(M) = A-L — U. We will assume the points of Sing(M) are in K. 

ii) The Fourier antiinvolution is the morphism of i^-algebras Wt — > W,, 
given by t i — ^ —d v , d t h- > 77. The Fourier transform of M is defined as 
the W^- module M := W,, ®w t M, where is regarded as a right Wr 
module via the Fourier morphism. If m G M, we put in = 1 <8> m G M. 

iii) We will set K n -i := KHi]^ 1 }} [rj] and we consider on this field the deriva- 
tion d v -i = —rfd^. If V is a /C^-i-vector space, a connection on V is a 
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K-lmear map V : V — > V satisfying the Leibniz rule 

V(a • v) = d v -i (a) • v + a • V(i>) for all a G tC v -i , v G V. 

iv) We set = (<9 t ) ®K[t-i](a t > M[i -1 ], and for c £ K we put 

t c = t - c, M c = X[[* c ]](d tc ) ® Wt M. 

We will consider the following rings: 

i) The ring JF( C '°°) of formal microdifferential operators: 

Let c & K. For r G Z, we denote by jF( c '°°)[r] the set of formal sums 

^ai{t c )rf where ai {t c ) G tf[[f c ]] ,r G Z. 

We put JF( c -°°) = u r ^"( c '°°)[r]. For P,Q G .F^' 00 ), their product is 
defined by the formula 

(where the product on the right hand side is the usual, commutative 
product). With this multiplication, jF( c '°°) becomes a filtered ring and 
is a subring. One has morphism of fT-algebras given by 

t i— > t c + c 
d t h-> 77 

which endows JF( C '°°) with a structure of (Wf, W t )-bimodule. 

ii) TTie rinj ^ ( °°' °°) : 

For r G Z, we denote by jF^ 00 ' 00 )^] the set of formal sums 

a^r 1 )^ where a^f" 1 ) G ^[[r 1 ]] ,r G Z. 
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We put 00,00) = Ur rp{ 00,00) [ r ]_ If p q E jr( 00,00) ? thdr product is 
given by 

Again, pi 00 * 00 ) [ s a filtered ring and T *■ 00 ' 00 •* [0] is a subring. One has 
a morphism of i^-algebras 

^(00,00) . K\r x \(d t ) — > 

r 1 ^ r 1 

(notice that on the ring i^[t _1 ](<9 t ), one has the relation [9 t ,t _1 ] = 
— 1~ 2 ). The morphism y^ 00 ' 00 ) endows j^i 00 * 00 ) with a structure of 
(Kit-^idt) , Klt- 1 }^ ) - bimodule. 

If P = J2iez a i(^c) ff £ JF( C '°°), the order of P is the largest integer r such 
that a r (£ c ) 7^ 0, and we define the principal symbol of P as cr(P) = a r (i c ) 77 r . 
We define similarly the order and the principal symbol of an operator P G 
j£-(oo,oo\ Principal symbols are multiplicative, in the sense that a(P ■ Q) = 
a{P)-a{Q). 

We recall next some results which are well-known for the rings J r ( c '°°\ 
The proofs for pi 00 * 00 ) follow a similar pattern (using the fact that the graded 
ring associated to the filtration on pi 00 ' 00 ) [ s isomorphic to 
and therefore they are omitted. 

(1.1) Division theorem (cf. e.g. [U Ch.4, 2.6.]): Let F G JF( C >°°) and 
assume that a{F) = t™b(t c ) where 6(0) + 0. Then, for all G G .p( c >°°) there 
exist unique Q G JF( C '°°) and P , . . . , R m -i £ K-rj- 1 such that 

G = Q ■ F + Rm-i t™ 1 + • ■ ■ + Po- 

The same statement holds for the ring jF^ 00 ' 00 ), replacing t c by t~ x . 

Proposition (cf. e.g. [1, Ch.4, 2.1 and 2.9]): The rings JF^- 00 ) andF^ 00 '^ 
are left and right Noetherian. 
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Proposition: (cf. e.g. [TJ Ch.5, §5]): JF^' 00 ) is a flat left and right W t - 
module. J^i 00 ' 00 ) is a flat left and right K[t~ 1 ](d t ) -module. 

We will consider the following modules: 

i) The (ordinary) microlocalization oflM at c e K: It is denned as 

JF( C >°°)(M) : =Jt(c,oo) ^ M _ 

where JF( C '°°) is viewed as a right Wt-module via Lp( c '°°\ It has a structure 
of K-rj-i -vector space with a connection given by left multiplication by 
rf ■ (t c + c) = rf ■ t. Notice that 

thus ( c> °°) (M) depends only on the formal germ M c . 

ii) The (00,00 ) -microlocalization ofM.: It is defined as 

^(oo,oo) (M) ;= ^(00,00) 0ic[t _ 1](ao M , 

where J^i 00 * 00 ) is viewed as a K[t _1 ](9 t )-module via the morphism y/ 00 ' 00 ). 
Again, it has a structure of /C^-i -vector space with a connection, defined by 

V(« (g) m) := (a) g) m + 7/ 2 a (g t ■ m , 

and it depends only on M^, since one has 

jr(°°,oo)(M) ;= ^(00,00) g, x[[t _ 1]](at) Moo . 

By flatness of y^ ' 00 ) and y^ 00 ' 00 ), both microlocalizations define exact 
functors. 

For the proof of the formal stationary phase formula we will need the 
following result: 

Proposition 1: Let Q(r\<9 t ) = E"=A(* _1 ) ^ E K \^ l ]{ d t) be such that 
there is at least an index v G {1, . . . ,n} with b v (0) 7^ 0. Then there is an 
isomorphism of K[t~ 1 ](dt) -modules 



■(00,00) ffl K[t^}{d t ) „^ (o0t0o) K[t,t-'}(d t ) 

® K[t ~ 1]{dt) K[t-Wt)-Q = K[t ~ 1]{9t) K[t,t-Wt)-Q ' 
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Proof: We show first that the natural map 

K[t- l ](d t ) K[t,t- l ](d t ) 
' K[t-i](d t )-Q ~^ K[t,t-i](dt)-Q 

is injective. Assume we have A(t, t -1 , dt) G K[t, t _1 ](^) such that A(t, t~ l , dt)- 
Q{t-\d t ) G Klt-^dt), we have to show that in fact A G iffr 1 ]^). Write 
A = J2 u a u (t, with a u (t, t~ v ) G i -1 ]. Let v be the largest index 

with b vo (0) 7^ and let k G N be the largest exponent of t appearing in the 
Laurent polynomials {a u } u (if a u G -^[t -1 ] for all u, we are done). Let uq be 
the largest index such that a Uo contains a monomial (3t k ° ^ 0, (3 G K. Set 
jo = u + v . The coefficient of d J t ° in A ■ Q is 

£ ^ M -l)...( M - a + l)a M ^ 

u,v,a 
3Q=u+v — a 

The monomial (3b VQ (0)t k ° appearing in the summand corresponding to u — 
Uq, v = vq, a = cannot be cancelled, because in the other summands either 
u > uq, and then in a u all powers of t appear with exponent strictly 
smaller than ko , or else u ^ uo, and then G t~ 1 K[t~ 1 ], thus the exponents 
of t in these summands are also strictly smaller than ko. Since A ■ Q G 
-K"[£ _1 ](<9t), we conclude that ko = 0, which proves the injectivity of 2. 

By flatness of jF^ 00 - 00 ) over K[t~ 1 ](d t ), the map Idjr(<x>,oo) <8> 2 is injective 
as well. In order to show that it is a surjection, we prove first the following 
statement: 

Claim: For all P G K[t,t~ 1 ](dt) , there exists a polynomial 
p(x) G X [x] - {0} such that p(d t ) ■ P G K[t, r 1 ] (d t ) • Q + tffr 1 ] (d t ) 

proof of the claim: Let us denote by Q C t~ 1 ]((9 i ) the set of differential 
operators P G satisfying the condition of the claim, notice that 

n is closed under adition. It suffices to show that t % G f2 for alH ^ 1, because 
if there isap(a;) with p{d t )-t t = a(t, t _1 , <9 t ) • Q + 9 t ) then, multiplying 

on the right by c^, we obtain that dj ■ t % G VL for all i,j ^ 0, and then we are 
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done. We prove f G f2 by induction on % ^ 1: By our hypothesis on Q there 
exists a non-zero polynomial p(x) G such that Q = p(d t ) + /3(£ _1 ,<9 t ) 

with (3(t-\d t ) G t~ l K[t- l ]{d t ) (we will denote p' = J). Now, multiplying 
this equality on the left by t and using tp(d t ) = p(d t ) t — p'(d t ), case i — 1 
follows. For the induction step, assume we have 

= a(t,t-\d t )-Q + P(t-\d t ) 

We have also p(<9 t ) = tp(d t )t l +p'(d t ) t, substituting, 

p(d t )t i+1 = t(aQ + P)+p'(d t )t 

Now from the case i — 1 follows that we have i Pit -1 , d t ) G f2 and p'{d t ) t G O, 
so the claim is proved. Given 

choose p(ar) ^ such that p(d t ) • P G X[M _1 ](dt) • Q + tffr 1 ]^). By 
the division theorem p(r/) is invertible in j^'( 00 . 00 ) ? thus we have F ® P = 
F • p{ri)~ l <S>p(d t ) P G Im [Id^coo.oo) <S> 3], and then the proposition is proved. 
□ 



Definition: If N is a W^-module, its formal germ at infinity is the /C^-i-vector 
space Moo — fc-r)- 1 ®K[rf[ N, which is endowed with the connection defined by 

V(a ® n) = c^-i (a) ® n — a <g> rj 2 d v n. 

The main result of this section is: 

Theorem (formal stationary phase): Let K be a field of characteristic zero, 
let M be a holonomic K[t]{d t ) -module. Then, after a finite extension of the 
base field K , the map 

T : A? oo — ► F^°°\M) 

c6 SingMU{oo} 

given by T(a®m) = © c a®m is an isomorphism of JC v -i -vector spaces with 
connection. 
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Proof: The connections on the right hand side have been chosen so that the 
map is a morphism of /C^-i -vector spaces with connection, we have to show it 
is an isomorphism. We will assume all Wt-modules appearing in what follows 
have i^-rational singularities (which can be achieved after a finite extension 
of K). Consider first the Dirac modules 5 C = W 4 /W t (t — c). It is easy to 
check that we have 

)C v -i ® 6c = JC v -i =T^°°\5 C ), 
so the theorem follows in this case. 

For an arbitrary holonomic module M, there is a differential operator 
P G Wj and a W t -module with punctual support K so that one has an exact 
sequence 

— > K — > W t /Wt ■ P — > M — ► . 

A holonomic module with punctual support is a finite direct sum of Dirac's 
5-modules, since both the global and the local Fourier transforms are exact 
functors, it will suffice to consider the of a quotient of W t by an operator. 
Moreover, given M = Wt/Wt • Pi, there is an operator P2 G Wt such that 
one has 

— ► Ki — ► Wt/Wt ■ Pi = M — ► M [r 1 ] = Wt/Wt • P 2 — > K 2 — >0. 

where HQ are supported at zero for % = 1, 2 4.2]). Thus, we will assume in 
what follows that M = M [r 1 ] = W t /W t P, we write P(t, d t ) = J2t= a i(t)dl 
with Oi(t) eK[t}. 

Step 1: The map T c : Moo -> JF( C '°°)(M), given by the composition of T 
with the projection onto JF( C, °°)(M) ; is exhaustive for all c G Sing(M) U {00}; 

Assume first that c = 0. Then P(t,rj) G JF^ ' 00 ) has a principal symbol 
of the form cr(P) = t m ° b(t) with 6(0) 7^ 0, mo ^ 0, and then we have 

JF^ 0,00 ^(M) = jF^ ' 00 ) /jF^ ' 00 ^ • P. 
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Given G G by the division theorem 

mo— 1 

G= ^ -f (mod ^(o-^P) 

i=0 

where Ri G /C T; -i (0 < i < m — 1). Then, a preimage of the class of G in 
JF(°'°°)(M) under T c is given by 

mo - 1 

^ Ri G /C^-i <g> M , 

where t l denotes the element 1 <E> t % of M = <E> M. The proof for arbitrary 
c E K is done in the same way, using the division theorem in JF( C '°°) (notice 
that the hypothesis M = M[t _1 ] has not been used up to now). 

We consider now the case c = oo. Write d = max^ =1 {deg a>j(t)}, set 
<5(t _1 ,i9 t ) = t~ d P(t,d t ). Since Q satisfies the hypothesis of proposition 1 
above, we have 

K[t-'](d t ) „ K[t,t-i]{d t ) 



K[t-i](d t )-Q K[t,t- l ](d t ) ■ Q 
as If [i _1 ](d t ) -modules. Then we have 

jr(oo,oo) 



M 



J-(oo.o°)(M) 2* 



JF(oo,oo) . Q ' 



and notice that the principal symbol of Q is of the form a(Q) = £ dc s( ad (*)) d ■ 
b{t- 1 ) with 6(0) ^ 0. Given G G jr( 00 ' 00 ) ) by the division theorem 

G = J2 R i- ri ( mod .F (oo,oo) Q) 

where i G {0, . . . , d - deg(a d (t))}. Since M = M we have that £\ #i ® 
G TVloo is a preimage of G under T^. 

Step 2: dim Vl M» = dim^ [(® ceSmgM F ic ^(M)) © ^'( °. 00 )(M 00 ) 
Put 

II (*- c ) mc > deg(a d (t)) = ^ m c . 



It follows from the existence and uniqueness of division for jF( c,0 °) and 
^(00,00) that we have dim K ^( C '°°)(M) = m c , dim K ^"(^^(M) = 

d — deg(a,d(t)). Since d = rank(M) = dim^ x M.00, the claimed equality 
follows. 



Step 3: 

a) All slopes of jF( 0,oo )(M) are strictly smaller than +1. 

b) Force K - {0} ; all slopes of T ( c ' oo) (M) are eowa/ to +1. 

y4// slopes of J r ^ 00 ' 00 \'M) are strictly greater than +1. 

We assume first that the base field K is the field C of complex numbers. 
Then, there is a holonomic C[t] (<9 t )-module N which is only singular at and 
00, the singularity at infinity is regular and for the singularity at zero we 
have C[[t}](d t ) ®w t N = C[[£]](<%) <8>w t M (this is the transcendental step in 
the proof, see 0, it follows that ^^-^(M) = J" (0,oo) (N)). Let L -» N be a 
surjection where L is the quotient of C[t](d t ) by the left ideal generated by 
a single differential operator. Then we have 



XL 
1 



i r 



JT(0,oo)^ 



where we denote Tq 



(respectively, Tq) the map defined in step 1 for the 
module L (resp., for N) and the horizontal arrows are surjective. By step 1, 
the map Tq is onto, and then so is Tq. But the behavior of formal slopes 
under Fourier transform is well known, in particular the slopes of JC v -i <g>c[rj\ N 
are strictly smaller than +1, and a) follows. 



For b), take now a C[t] (<9 t )-module N c which is only singular at c G 
C — {0} and at infinity, such that one has an isomorphism of formal germs 
C[[t c ]](d tc ) ® N c = C[[t c ]](d tc ) <g> M, and the singularity at infinity of N c is 
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regular. Then (as in a) above) the corresponding map T^ c is onto, and since 
K-q- 1 <8>c[?7] N c has only slope +1 at infinity, b) follows. 

For the proof of c) consider first a C[t](dt) -module N° with a regular 
singularity at zero, no other singularity and = (then JF^ 00 ' 00 )^) = 
j-( 00 ' 00 )(N )). Let L° -» N° be a surjection where L° is the quotient of 
C[t](d t ) by a single differential operator. Then L°[i _1 ] is given by a single 
differential operator as well and, as in case a) above, the map 

T^ 1] : ®cm ^P 1 ] — ► ^• (oo > oo) (N°[r 1 ]) jF (oo,00 )(M) 

is onto (the last isomorphism holds because = = N ^ 1 ]^). 

Since the slopes of K n -\ <g>c{rj\ N°[t _1 ] are either zero or strictly greater 
than +1, the same holds for ^^'^(M). 

Let now N 1 denote the pull back of N° by the translation 1 1— > t + 1. In 
the same way we get a surjection 

T^ 1[i ~ 1] : Kn-i ® C [ V ] I^F 1 ] — > ^^'^(N 1 ^ -1 ]) = JF (oo,oo) (M) 

and the slopes of K v -i <S>c[rj\ are greater or equal than +1. Thus all slopes 
of ^ r ( 00 ' 00 ^(M) must be strictly greater than +1, and then we are done when 
the base field is C. 

In the general case, there is a subfield K\ C K of finite transcendence 
degree over Q such that the module M is defined over K\ and all its singu- 
lar points are i^i-rational. Choosing an embedding of fields K\ "—>■ C, the 
statement follows from the complex case treated above. 

If M is a /C^-i-vector space with connection and q € Q, we denote by 
M q its subspace of formal slope q (see e.g. [T3J 5.3.1]), and we denote Af <q 
its subspace of slopes strictly smaller than q. If ip : C — > M is a morphism, 
we denote by ip <q : £ <9 — ► Af <q the induced morphism (and similarly, we let 
<f >q denote the restriction of (p to the subspaces of slopes strictly bigger than 
q). For c G C, let £ c denote the one dimensional K. v -i- vector space with 
connection given by V(l) = c-rj 2 . It is easy to see that, if c 7^ 0, then £ c has 
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slope +1. Let r c : K[t] — > K[t] the translation given by t t— > t + c. One has 
an isomorphism of fC„-i- vector spaces with connection £ c <g> JF( C '°°)(M) = 
jF( '°°)(r*M) (from this isomorphism one can get an alternative proof of b) 
above). Notice also that £ c ® £~ c = (JC^-i, d v -i). 

Step 4: T is an isomorphism. We remark first that if M. is JC v -i- vector 
space with connection such that all its slopes are strictly smaller than +1 
then for c ^ the twisted vector space with connection £ c <8>k; _ 1 M has 
only slope +1 (this can be easily seen using the structure theorem of formal 
meromorphic connections, Theorem 5.4.7]). 

Set M.%, := £~ c g> (£ c ® A? 00 ) <1 c M^. lic,de Sing(M) are distinct, 
then the map 

id ®T C |^g, : £ c ®M d 00 — >£ c ® T^™\M) s^(°- 00 )(t c *M) 

is the zero map, because its source is purely of slope +1 and the target 
has slopes strictly smaller than +1. Tensoring with £~ c , it follows that 
^ciMd ■ ML -> f (c,oo) (M c ) is the zero map as well. 

Since by step one T c is onto, also is the map id ® T c : £ c ® Moo — ► 
£ c ® JF( C -°°)(M). Since £ c ® .F( C '°°)(M) = ^ r (°'°°)(r*M) has slopes strictly 
smaller than +1, the restriction 

( id ® T c ) <1 : (£ c ® A? 00 ) <1 — ► £ c ® ^( C '°°)(M) 

is onto as well, thus tensoring with £~ c follows that T C |^ C is onto. 

Let Too denote the composition of T with the projection onto T *■ °°' 00 -* (M) . 
The restriction T^^ : Moo,>\ -> -F (oo,oo) (M) is onto while for c G K, the 
maps T c >1 are zero. Notice also that if c G Sing(M), then 

Mlc n (®^ c A?i © A?oo,>i) = {0}, 

because tensoring both and ©d^cAl^ with £ c , one obtains two sub- 
spaces of £ c © .Moo with different slopes. Also, A^oo, >i H (fficAl^) = {0}. 
Thus the map 

(® c Tc)®Too,>i:{®cM c 00 )®M 00>>1 ^ ( ^( c ' °)(M c ))©^ (oo ' oo) (Moo) 

c£ SingM 
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is an epimorphism, and then 

dimjc^ (® c .MSa) © Moo,>i > 

the last equality by step 2. It follows that = {@ C M. C ^} © -Moo,>i , 

T = (© C T C ) © T>x and T is an isomorphism, as was to be proved. □ 

For the rest of this section we will assume that the base field K is the field 
C of complex numbers. In this case, one can define subrings of the rings of 
formal microdifferential operators J^' 00 ' (c G CU {°°}) adjoining suitable 
convergence conditions, this is well known for c G C, see for example JU] or 
PP, we will show that an analogous definition can be given for c = oo. 

Definition: We denote by £ the set of formal series 

^ai{z)rf ,r G Z a^z) G C[[z}] 

i< r 

such that 

a) There exists a p > such that all series a,i(z) are convergent in the 
disk | z \< Pq. 

b) There exists a < p < po and a 9 > such that the series 

_^ Qk 

J]||a_ fe (z)|| p — 

is convergent, where ||a_fc(z)|| p = sup|^ p | a-k(z) |. 
Given c G C, we denote £ ^ 00 ** the image of £ by the map 

£ ► jr(c,oc) 

^ ai {z)rf — ► ^ ai {t c )rf 

i<r i<r 
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and similarly, we denote £ ( 00 ' °) the image of 8 by the map 

g ^ ^7(00,00) 



i< r i<r 



One can prove that £( c >°°) is in fact a subring of JF( C '°°) and that the 
division theorem (1.1) holds also for the rings £ ^ 00 - 1 (see loci cit.) . For c = 00 
these facts can be proved in a similar way, although some modifications are 
needed. To illustrate them, we prove in detail that f^ 00 ' 00 ) is a ring using 
a slight variation of the seminorms of Boutet de Monvel-Kree (PjJ Chap. 4, 
§3]): 

If (t,r)) are coordinates in C 2 and 5 > 0, we denote Aj C C 2 the open 
subset defined by the inequalities | r\ |< 6, \t\> 8~ x . Clearly, if a(z) G C[[z\] 
is convergent in some disk centered at z — 0, there exists a 5 > such that 
sup| t | >5 _i I a(t~ l ) |< 00, which allows to consider the following seminorms: 
HF= Y Jk ^ a m-kit- l )r ] m ~ k G £^°°\ put 

where \\d? d% a^r 1 )^*^ : = sup ( ^ )eAi {| a^r 1 )^ |} 

Proposition: If F e g{°°>°°) ; ^ en £/j ere exist 5, a; > s«c/i t/iat N m (F; 5; x) 
is convergent. 

ii) Let a m _k{z) G C[[t -1 ]] ffc ^ j snc/i that all a m -k{z) are convergent 
for I z \< p, put F = J2k>o a m-fc(^ -1 ) r ? m ~~ k ■ If there exist a 6, x > such 
that N m (F; 5; x) is convergent, then F G f^ 00 - 00 ). 

Hi) IfF, G G ^(°°' 00 ) ; then there is a 5 > suc/t i/iat N or d(FG){F-G; 5; x) ^ 
Nord(F) (F; 6; x) ■ N ord(G) (G; 5; x), and thus F ■ G G S^°°l 

Proof (cf. |H Ch.4,§3]): i) If F G ^( 00 ' °), then there exist constants 
A, Ci, S > such that 



I Q"m—k 



( r i^m-*|| ^ ^ . jfe ! . (7* for all A; ^ 
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From Cauchy's inequalities we get 

||a?af a^r 1 )^- Ik < a\-p\ ■ r a -^ • 2" • Ha^r 1 )^- k \\ A2S (1) 

(notice that the factor 2 a would not appear if As were a polydisk, as it is the 
case for usual microdifferential operators. However, this factor will be harm- 
less). Since a\ k\ < (a + k)\ , (3\ k\ (/3 + jfe)!, putting C 2 = max{v^Y, 5/2}, 
we get from (1) that N m (F;5;x) A ^ 2- fc+1 (C 2 a;) 2/c+a+/3 , and this series 
is convergent if x < C^ 1 - 

Items ii) and iii) are proved exactly as for the usual microdifferential 
operators, see loc. cit. □ 

The proof of the division theorem for the usual ring of microdifferential 
operators (i.e., the ring £ t ' 00 )), as given in pQ, relies on a series of combina- 
torial identities and on Cauchy's inequalities for analytic functions defined in 
polydisks. As shown above, this arguments can be modified replacing these 
polydisks by open sets of type Aj, and one obtains that the division theorem 
(1.1) holds also for the ring £;( 00 ' 00 ). 

Definition (fTT/): For s G M + , we denote by KL S X the field C{a;} s [a; -1 ] of s- 
Gevrey series on the variable x, this is the ring of series Yli>o a « x, E C 
such that ^2i^> (cii/(i\) s ) x % has non-zero convergence radius. In particular, K? x 
will denote the field C{x}[x _1 ] of germs of meromorphic functions. For later 
use, we briefly recall the behavior of Gevrey rings and vector spaces with 
connection under ramification (cf. [HI (1.3)]): Let q be a positive integer, 
s G M + and set o = s/q. The assignment y i— > z q defines a morphism of fields 
7T : K' y — ► K.%. Then: 

i) If V is a /Cy-vector space with connection V y , we put vr*(V) := K,% ®k s v V, 
endowed with the connection V defined by 

zSJ(f ®v) = q (if <g> yV y (v)) + ( z ~t^ ® v )- 
If the slopes of V are Ai, . . . , A r , those vr*(V) are q Ai, . . . , q A r . 

ii) If V is a K a z -vector space with connection V z , we denote 7r*(V) the 
set V regarded as a vector space over KL S by restriction of scalars and 
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endowed with the connection V := - z ]_ 1 V z . If the slopes of V are 
Ai, . . . , A r , those 7r*(V) are Xi/q, . . . , \ r /q (each one repeated q times). 

Definition: If N is a W^-module, the s-Gevrey germ at infinity defined by N 
is the /Q-vector space K. s x ®c[r?] N, endowed with the same connection as in 
the formal case (that is, V(a ® n) — d v -i (a) <8> n — a ® rfd^n). 

As in the formal case, given a holonomic Wt-module M and c G C, its 
microlocalization £ ^ °°) (M) := £ ( c ' 00 ) ® Wt M is a /C*_i -vector space endowed 
with the connection given by left multiplication by rf t and one defines sim- 
ilarly £(°°> 00 )(M). We have 

Theorem (1-Gevrey stationary phase): Let M be a holonomic W t -module. 
Then the map 

T Gev : /Cj-i ® CW M — >■ £ ^ °°) (M) 

c£ SinpMU {00} 

given by T Gev (a®m) = © c a ^ m is an isomorphism of -vector spaces 
with connection. 

Proof: Again as in the formal case, the map T Gev is a morphism of /C*-i- 
vector spaces with connection, and we have to prove that it is an isomorphism. 
The case of a module with punctual support is easy and left to the reader, so 
we assume that M = W t /W t • P. Then, it follows from the division theorem 
for the rings £( c '°°) (c G Sing(M) U {00}), that the dimension of the source 
and the target of T Gev are equal. So, it will be enough to prove that the map 

idc [[v -i ]M ® T Gev : AL — qfr-*] (gi^i (e c £ (c,oo) (M)) 

?7 

is injective. But we have a commutative diagram of C[[t7 -1 ]] [^j-vector spaces 

id <8> T Ge1 ' 

/ //// ™ / 
© C JF ( c > °°) (M) 
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where m is given by m(ip <S> (® c £c)) = ©cV 9 ' £c- Since T is an isomorphism 
(by formal stationary phase), we are done. □ 

Remarks: i) The theorem is proved in [7] when Sing(M) = {0} and the 
singularity at infinity of M has slopes smaller than +1, by quite a different 
method. 

ii) It is a consequence of the above proof that the map m is also an 
isomorphism. Notice that this fails if M is not holonomic, for example the 

multiplication map C[[?7 _1 ]][?7] ®£i £( c >°°) — > p( c ,°°) [ s clearly not onto. 

77- 1 

iii) Let M = W^/Wt • P(t, d t ) be a holonomic W r module such that its for- 
mal slopes at infinity of M are smaller than +1. Denote T> 1 = K? _i (d^i) (i = 
0, 1). For some k ^ we will have Q = r]^ k P(—d ri ,r]) G C[77~ 1 ](9 ?7 -i) (using 
d v = —r]~ 2 d ri -i ). Consider the two complexes of C- vector spaces 

Cf. — -> /c;_! /c;_! — -> o (i = o, i). 

There is an obvious morphism of complexes Cq — > G\. Since the formal slopes 
at infinity of M are smaller than +1, it follows from the results of J.P.Ramis 
in 1.5.11, 1.5.14] that this morphism is a quasi-isomorphism. Since the 
complex Ci is quasi-isomorphic to MHom£>i(/(?_i ®M , /C^_i), by the theorem 
above we have a quasi-isomorphism of solution complexes 

RHoni£>o(/C°-i ® M , JC°-i) = © ceSm9 Mraom pl (^ c '°°)(M) , K^) 

That is, we can compute microlocally the "germ at infinity" of the solution 
complex of M. 

iv) The theorem above we can be applied to study to which extent the 
formal decomposition of a C{x}[x _1 ]-vector space with connection given by 
its slopes holds at the s-Gevrey level, namely one has: 

Theorem: Let s 6 R + and let V be a finitely dimensional K, s x -vector space 
with connection. Then there exist K s x -vector spaces with connection 
V<i/ S , V=i/ S , V>i/ S of formal slopes strictly smaller than - (respectively, equal 
to -, strictly greater than -) and an isomorphism of Kf x -vector spaces with 
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connection 

V = V<i /s © V=i/« © V>i /s . 

Proof: We consider first the case s = 1. From a theorem of Malgrange- 
Ramis ([TTJ 3.2.13], (121 7.1], cf. also [Uj) on algebraization of s-Gevrey spaces 
with connection, it follows that there is a holonomic Wt-module N and an 
isomorphism of /C* -vector spaces with connection V = /C*_j © N (the right 
hand side denotes the s-Gevrey germ at infinity defined by N, although our 
coordinate will be labelled x instead of rj' 1 as done before). Let M denote the 
inverse Fourier transform of N. Then, putting V<i/ S = £ ( - ' oo ^(M), V=i/ S = 
ffi c eSin 9 M-{o}^ (c,oo) ( M ) and V>i/ a = £:( 00 ' 00 )(M) the claimed decomposition 
is the one given by the 1-Gevrey stationary phase formula. 

We consider next the case s = -, q a positive integer (compare [UJ (2.2)]). 
Consider the map n : /C* — > K s x given by y t— > x q . By the previous case, we 
will have 

7T*(V) = 7T,(V)<1 © 7T*(V)=1 © 7T,(V)>1. 

We have a surjective morphism of /Q-vector spaces with connection a : 
7r*(7r*(V)) = © vr*(V) — >■ V given by a(ip © f ) — <f ■ v. Notice that all 
formal slopes of vr*(7r*(V)<i) are strictly smaller than q, those of 7r*(7T*(V)=i) 
are equal to q, and those of 7r*(7r*(V)>i) are strictly bigger than q. Denote 
a <q the restriction of a to 7r*(7r*(V)<i) (similarly in the cases = q, > q). 
Since the filtration by slopes is strict, we have a decomposition 

V = a <3 (7r*(7r*(V)<i)) © a=,(7r,(7r*(V)=i)) © a >9 ( 7 r*(7r*(V) >1 )) 
as desired. 

Assume now s = - where p, q ^ 1 are integers. We consider the mor- 
phism 7T : K s x — ► K}J q given by x z p . By the previous case we have a 
decomposition of K l J q - vector spaces with connection 

7T*(V) = 7T*(V) <g © 7T*(V) =g © 7T*(V) >(? . 

And an injective morphism of /Q-vector spaces with connection (3 : V — > 
7r*(7r*(V)) given by v i— > 1 © f . Denote /3 <g / p the composition of /3 with the 
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projection 7r*(7r*(V)) -» 7r*(7r*(V)< g ) and similarly for (3 =q / p , /3> q / p - Again by 
strictness of the filtration by formal slopes we have a decomposition 

(Ker(/3 =g/p )nKer(/3 >g/p ))e(Ker(/3 <?/p )nKer(/3 >g/35 ))e(Ker(/3 <?/p )nKer(/3 = 

which, because of the behavior of formal slopes under 7T*, is the desired one. 

Finally, if s G R — Q, choose a rational number < p/q < s such that 
no formal slope of V is in the interval [l/s,q/p\. By the Malgrange-Ramis 
algebraization theorem we can assume V = K.% ® W, where W is a IC p J q - 
vector space with connection. Then, the previous case applies to W and the 
proof is complete. □ 

2. The singularity at zero of M and an exact sequence of vanishing 
cycles 

In this section we introduce one more variant of the microlocalization 
functors (which should correspond to Laumon's (oo, 0') local Fourier trans- 
form). Our aim is to establish the existence of a sequence of vanishing cycles 
analogous to jH Theorem 10], proof of 3.4.2]. In this section we will work 
over the complex numbers and we will consider only the convergent (or, 
more precisely 1-Gevrey) version of the (oo, 0)-microlocalization, the corre- 
sponding formal version can be obtained just by dropping all convergence 
conditions. 

Definition: We denote £ ( °°' °> the set of formal sums 

p = Oiiv)? , r G Z 

such that there exists a po > so that all series ch{t]) are convergent in the 
disk of radius po centered at 0, and there exists a < p < po an d a 9 > 
such that the series 

ok 

is convergent, where ||a_fc(r/)|| p = sup| 2 |^ p | a-k(z) |. We consider in £(°°>°) 



19 



the multiplication rule given by 

and the morphism of C-algebras 

^(00,0).^ — > 5(00,0) ^ 

t i-» -t 
d t h-> 77 

which endows £(°°'°) with a structure of (W t , Wi)-bimodule. It is not difficult 
to see that ^(°°'°) is flat. 

Remark: While the ring £(°°' ) is nothing but £(°>°°\ with the roles of 
the variables t and rj interchanged, the morphism (^(°°' ) is noi obtained in 
the same way from <£>(°'°°) (the morphism we considered in section 1). The 
morphism we get from <£>(°'°°) interchanging t and r\ will be denoted 

H-.Wr, ► £ (CO ' 0) 

Tj I — > Tj 

d v 1— > i 
Definitions: i) Given a W r module M, we put 

£(°°.0)( M ) := 5(00,0) 0WtM 

where £(°°> ) is viewed as a left W r module ma <£>(°°'°). 
ii) Given a W^-module N, we put 

where now g(°°>°) is viewed as a left W^-module via ji. 

Both £(°°>°)(M) and /x(N) have a structure of C{f -1 }[t]-vector spaces 
and of C{r/} (^-modules, where the action of d v is, by definition, given by 
left multiplication by t. Notice that in fact //(N) is nothing but £( '°°)(N) 
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with the variables t and r] interchanged. In section 1 we considered in 
the (0, oo)-microlocalization only the structure of CI?? -1 } [^-vector space 
(i.e., of C{t _1 }[t]-vector space after our interchange of variables), while now 
the structure of C{r/}((9 r? )-niodule will be considered as well (and in fact 
it will play the major role). Notice also that £ ( °°' °) (M) depends only on 
the 1-Gevrey germ at infinity defined by M and /i(N) depends only on 
No = C{n}(d v ) ®w„ N. 

(2.1) Proposition : Let M be a holonomic Wt-module. Then the map 

T°:/x(M) — ► £ (oo ' 0) (M) 
a ® m — > a £g> m 

is an isomorphism of C{r]} (d v ) -modules and of C{t _1 }[£] -vector spaces. 

Proof: It is easy to check that the map is a morphism both of C{r]}(d ri )- 
modules and of C{t _1 }[t]-vector spaces, we have to prove that it is an iso- 
morphism. As for the stationary phase formulas, the theorem reduces to the 
case of a Dirac 5-module (then one has /x(M) = £ ( °°' °) (M) = 0), and the 
caseM = W t /W t ■ P{t,d t ). 

In this last case, we have M = W v /W v ■ P(—d v ,r)), and both the source 
and the target of the map T° are isomorphic to E (°°' )/£ (°°> ) . P(—t,rf). 
The map T° composed with these isomorphisms is the identity map, and the 
proposition is thus proved. □ 

Let t be a coordinate in the affine line and let N be a holonomic C{r}(d T )- 
module. We recall next the formalism of solutions and microsolutions of N, 
following [7]: For r > 0, denote by D r the disk in the complex plane centered 
at r = and of radius r, by D* the universal covering space of D r — {0}, and 
by 0(D r ) (respectively, 0(D*)) the ring of holomorphic functions on D r (re- 
spectively, on D*). Put C(D r ) = 0(D*)/0(D r ). Set O := indlim r _ 0(D r ), 
O := indlinv-K) 0(D r ), C := indlim r ^ C{D r ), V := 0(d T ). We denote by 
N I— > DN the duality functor in the category of holonomic left P-modules, re- 
call that if N = V/VP, then DN = V/V t P where t P denotes the transposed 
differential operator (see e.g. O V.l]). 
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Following Malgrange, we put 

i) vj/(N) := Homo(£)N, O) (the C- vector space of "nearby cycles" of N). 

ii) $(N) := Honi£)(-DN, C) (the C-vector space of microsolutions of N or 
"vanishing cycles"). 

Between these vector spaces there are morphisms can : \I/(N) i— > $(N) (in- 
duced by the quotient map can : O — > C) and var : $(N) i— > ^(N) (in- 
duced by the only map far : C — > O such that var o can = T — Id, 
where T is the monodromy on O). The map can is an isomorphism if 
N = A*(N), the map far is an isomorphism if N = N[t -1 ]. The assign- 
ment N i — ► (ty(K),$(N),can,var) is functorial. The behavior of this spaces 
under localization and microlocalization is the following: 

a) For the localization we have ^N^ 1 ]) = ^(Nfr- 1 ]) = *(N). 

b) For the microlocalization we have *(//(N)) = $(//(N)) = $(N). 

For a), recall that both the kernel and cokernel of N h- > A^[r _1 ] are a 
direct sum of Dirac 5 ' s an d ^(^o) — (S — C{r}(d T ) /(d T )). Similarly, the 
kernel and cokernel of N i— > u(N) is a direct sum of copies of the P-module 
C{r} (see e.g. |6 S 4.11.b]) and $(C{r}) = 0, from which b) follows. 

Given a holonomic W r -module M we denote by DR(M) its De Rham 
complex (see e.g. [7, 1.2]) and by Sol(M) = MH.om v {0 ® Wt M, ,0)[l] the 
stalk at zero of its solution complex. We denote by H*(A^, DR(M)) the 
hypercohomology with compact supports of the De Rham complex of M. 

The following proposition follows essentially from results of B. Malgrange. 
It shows that the De Rham cohomology with compact supports of a holo- 
nomic Wf- module which has slopes at infinity strictly smaller than +1 can 
be computed locally in terms of the germs defined by M at its singular points 
and at infinity. 

Proposition (exact sequence of vanishing cycles): Let M be a holonomic 
Wt-module such that all its formal slopes at infinity are strictly smaller than 
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+1. Then there is an exact sequence of C-vector spaces 

MKAlDRiM)) - © ce5ms (M)$(M c ) - $(£(°°-°>(M)) - H^A^^M)) - 
w/iere M c := C{t c }(d t ) ® Wt M. 

Proof: From the exact sequence — > O — > O — > C — > 0, we get 

-> Hom I? (DMo, 0) -> f(M ) -> $(M ) -> Ext^(DM , O) -> 

(since Extp(DMo,C)) = 0, see e.g. [7, II. 3]). We have also quasiisomor- 
phisms 

Mr c (A^, DR(M)) = Sol (DM) [-1] = Sol( DM) [-1], 

the first one follows from VI, 2.9 and VII, 1.1] (since we assume that the 
slopes at infinity of M are strictly smaller than +1), and the second one holds 
because Fourier transform and duality commute up to the transformation 
given by 1 1 — ► —t, d t i— ► — (see e.g. [HI V.2.b]). 

From an element of ©cG5in 9 M < ^(M c ) we get, by the Laplace transform 
considered in chap. XII], a multivaluated solution of M defined on a half- 
plane in C [loc.cit., XII, 1.2]. Under our hypothesis, the module M is singular 
only at zero and at infinity, so this solution can be analytically prolonged and 
determines univocally an element of $(Mo). This assignment establishes an 
isomorphism of complex vector spaces © C GSmc/M < ^(Mc) — ^(Mo). On the 
other hand, by proposition (2.1) we have also an isomorphism 

$(M ) = $(/i(M)) $(£ (oo ' 0) (M)), 

and the proposition follows. □ 

Remark: Using b) above, the long exact sequence in the proposition can be 
rewritten in terms of spaces of nearby cycles instead of spaces of microsolu- 
tions, namely one has an exact sequence 

HS(A£.,DR(M)) - © ce s m9 (M)^(MM c )) - *(£ (°°'°)(M)) -> H c 2 (Ai,DR(M)) -> 0. 
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3. p-adic microdifferential operators of finite order 

It is proved in jB] (and it follows also from the 1-Gevrey stationary phase 
theorem proved in section 1) that if M is a holonomic Wj- module, singular 
only at zero and at infinity, and such that the formal slopes of the singularity 
at infinity are strictly smaller than +1, then one has an isomorphism of K, 1 ^- 
vector spaces with connection 

/C;_x ® CH M = £(°'°°)(M) 

Notice that, in case the singularity at infinity of M is regular, these Wj- 
modules are analogous to the £-adic canonical prolongations of Gabber and 
Katz, which play a major role in G. Laumon work (j^J, see also jl]). So, it 
might be of interest to find an analogue of Malgrange's result when if is a 
p-adic field (we denote | • | its absolute value, normalized by the condition 
I P \ = P~ 1 )- m such case, it seems a reasonable p-adic version of the ring 
C{t7 _1 }i would be the ring of power series ^2 i>0 o,ir]~\ aj G K, such that 
Y2i>o tia-iVT 1 i s convergent for | r]^ 1 |< 1. If we set uj = p ^\/TJp G M, it 
follows easily from the classical bounds uj k ~ l <\ k\ |< (k + l)uj k that this ring 
is nothing but the ring A r ,-i (uj) of power series in r/' 1 convergent in the disk 
| r/^ 1 \< uj. Pursuing this analogy, to the field /C*_i would correspond the 
ring A v -i(uj)[t]], which for simplicity will be denoted yl(u;)[r/] in the sequel. 
Its elements are the Laurent series Y^j< r a j r l : ' with aj G K, r G Z, such that 
for all < p < u>, limsup J ^_ 00 | aj \ p - - 7 = 0. 

In this section we define a ring $ (°> °°) of p-adic microdifferential operators 
and a corresponding microlocalization functor M i— > $( 0,oo )(M). We prove 
that if M = K[t](d t ) / K[t](d t ) ■ P is a holonomic if [t](<9 t )-module which is 
singular only at zero and infinity, the singularity at infinity has formal slopes 
strictly smaller that +1 and the singularity at zero is solvable at radius 1 ([2J 
8.7]), then one has an isomorphism of ^4(o;)[^]-modules with connection 

A{oj)[rj\ ® K[r}] M^^ {s ' co) {M). 

where M denotes now the p-adic Fourier transform (defined below). This 
isomorphism might be regarded as a p-adic analogue of the theorem of Mal- 
grange quoted above. 
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We assume that K is a spherically complete p-adic field (e.g., a finite 
extension of Q p ). Let t be a coordinate in the affine i^-line. We denote by 
At(l) the ring of power series in the variable t with coefficients in K which 
are convergent for | t |< 1. For all < A < 1, the ring At(l) is endowed with 



the norm 



a,i f \x = sup{ | a,i | A* } G R + . 



i>0 



Let r G Z be an integer, set u = v ~\f\Jp G R. We denote by $( >°°)[r] 
the set of all Laurent series ^2j^ r a>j(t) rf with aj(t) G ^4 t (l), such that for 
all A, p G M with 0<p<c<j-A<cj, one has 

limsup | dj(t) | a p 3 = 0. 

Equivalently, for all X, p in the range above there is a C > such that 
for all j ^ r one has | Oj(i) C ■ p> (in fact, it is clear that given any 
< A < 1 is enough to check this condition holds for A > A ). We put 

$ ( 0, oo) _ [J ^ <j, ( 0, oo) _ 

Proposition: // F = £ f u r] u G $(°-°°) and G = £ 77" G $ (0 ' oo) 7 toen 
F-G = V — - d*F-d t a G G $ ( 0,o °). 

Proof: Write F ■ G = r j( t ) V j ■ We have 

U P~ J < . max (|-7«(u-l)...(u-a + l)/« *~jj~n~ I a P~ 
j=«+f-a [ « ! at" 







max < 




j=u+v—a | 




max < 


| u(u — 


j =u+v— a \ 



max { | u(u - 1) . . . (u - a + 1) | \ f u \\\ g v \x 7- P J 1 



< sup{|/ u | A A- u } • SU p{|^| A A^}-(^r 

where the second inequality follows from the Cauchy inequalities. If j 1— > — 00 
then either uh- 00 or ?; k - 00 or a i-> 00, and then we are done. □ 

Definition: The filtered ring $( '°°) will be called the ring of p-adic mi- 
crodifferential operators of finite order. The order and the principal symbol 
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of a microdifferential operator are defined as in the formal case. Notice 
that $(°'°°)[0] C $(°'°°) is a filtered subring and that one has ^4(u;)[?7] = 
Kllr]- 1 }}^} n$(°'°°). 

Definitions: If F = Eu^ m fu{t)v u e and < p < uj • A < uj, 

we put 

\\F\\x, P = sup{| /„(*) \ x p- u } 

u 

We have F G $ '- ' 00 -* if and only if ||F|| \, P < 00 for all A, p in the range above. 
From the proof of the preceding proposition follows that if F,G G $(°'°°), 
then we have ^ 11-^11 A,p - II^IIa.p- The subscript A, p will be omitted 

if no confusion may arise. We will say that F = J2 u f u r] u G $ ( °' 00 ) is 
dominant if there is a A < 1 such that for all A < A < 1 and < p < uj • A, 
one has | f ord{F) \ x p' ord[F ^ = \\F\\ XiP . 

We want to prove a division theorem for p-adic microdifferential operators 
of finite order. We will make implicit use of the following lemma, its proof 
is elementary and left to the reader: 

Lemma: Let f(t) = t m b(t) G A t (l), where b(t) is invertible in A t (l) and 
m ^ 0. Then, for each ip G At(l), there are unique q G At(l) and r G K[t] 
of degree smaller or equal than m — 1 such that ip = f ■ q + r , and for all 
< A < 1, I r \ x ^ I tp \ x , and \ f | A • | q \ x ^ | <p |a- 

Theorem: Let F G $( >°°) be dominant and assume that o~(F) = t m b{t) 
where b(t) G At(l) is invertible. Then, for all G G $(°>°°) there exist unique 
q e $(o,oo) and ^ J R Tn _ 1 g ^4(o;)[77] snc/i £/ia£ 

G = Q ■ F + t m 1 R m -i + • • • + Rq. 

The remainder t m ~ x R m -i + • — \~ Ro can also be written in a unique way in 
the form 5 m _i f™ -1 H hS'o wit/i S { G -4(w)[?7]. 

Proof: It is easy to see that if F is dominant so is the product r]~ ord ^F is 
also dominant, so we can assume F is of order zero. Again, multiplying G by 
a suitable power of rj we may assume that ord((j) = as well. The existence 



26 



of a unique formal solution Q = J2j <0 qj(t) , Ri = J2j<o ri J (0 ^ * ^ 
m — 1) to the division problem formulated above is well-known, the solution 
can be obtained as follows (cf. PjJ Ch.4, Theorem 2.6]): One constructs 
inductively power series go, Q-i, ■ • • G AtiX) such that 

G-(q Q + --- + q jV - j )F = H^ + Kj.! with e &°>°°)\j - 1] 

and Kj-t G t m - x A{uj)[rj\ + --- + A{uj)[rj\. 

Assume q , . . . , qj + i have already been found and put 

1 d a f 

U) 

where the sum runs over those v,u, a with j = v + u — a, a ^ and 
j + 1 ^ v ^ (it is understood that the product v (v — 1) . . . (v — a + 1) 
is replaced by 1 if a = 0). Then, the next series qj is the quotient of the 
division of ipj by u(F), that is, it is defined by the equality <pj = t m b(t) qj +rj, 
where qj G At{l) and Tj(b) = Y^T=o r h3^ ls a polynomial of degree m — 1 at 
most. The formal solution to the division problem is given by the quotient 
Q = ^2j^ Qj(t)if and the series = J2j^o r h3 if G A{uj)\rf\ (1 < i < m-1). 



We have to prove that this formal solution is convergent in our sense. Fix 
0<p<co>-A<u; and put C\, p = \\G\\x,p/\\F\\x,p- Notice that because of 
our hypothesis on F we have H-FHa.p =1 fo I a- We show next, by descending 
induction on j ^ 0, that | qj | ^ C\ ;P . We have: 



Qj | a P 3 ^ max 



u,v,a 



1 

l/ol 
v(v 


X 


1 9 3 

1).. 


Up j , 

..(v-a + 1) | 




fo . 









d a f u 



max S — — — I ?* U I -^r I a p 



I II G H 1 I I I f I 3 



X a \\F 

= max { C x ,p, I ,, (| g„ |a P" V ) (I /« U P~ U ) P 
< max{cA, P , C AlP • = C A , P , 
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where the second inequality follows from the Cauchy inequalities. This proves 
the convergence of the quotient as well as the first inequality of norms. 
The convergence of the series i?o, • • • , R m -i is proved similarly and it is 
left to the reader. For the last statement, notice that there are unique 
<o s ijV j e K[[v 1 ]][ 7 ?] (0 ^ z ^ m — 1), such that the remainder 

^m-i R m _ 1 _)_ . . . 4- R can be written in the form S m -i t m ~ l H h So, in fact 

one has 

l)«r- k . (i + kV-U + k)\ 

k=0 ' J ' 

From this formula follows easily that Si G ^4(cj)[r]] for i — 0, . . . , m — 1. □ 

Remark: It is unreasonable to expect a division theorem without some 
restriction on the divisor, for example if a G K and we take F = 1 — a n^ 1 G 
$(°'°°)[0], its formal inverse is Y2i>o al V ' S "which is not convergent in our 
sense for | at |> 

We will assume that there is a 7r G -K" such that 7r p_1 + p = 0, which we 
fix from now on. Then, the morphism of i^-algebras defined by 

t I— > t/7T 
I— > 7T • ?7 

endows $( '°°) with a structure of (Wj, Wt)-bimodule. 

Definition: Let M be a Wrinodule. We define its p-adic (0, oo)-microlocalization 
as the ^4(ci;)[r/]-module 

$(°'°°)(M) := $(°'°°) (g> Wt M , 
endowed with the connection given by left multiplication by rj 2 ■ t. 

Definition ([3] and [8J: If M is a W r module, its p-adic Fourier transform is 
defined as M = (8>w t M, where W v is regarded as a right Wt-module via 
the .fT-algebra isomorphism given by t h- > — d v /7i, dt ir • rj. If m G M, we 
put m = 1 ® m G M. 
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If r is a coordinate, we denote by TZ T (9) the Robba ring of power series 
Ylii£% a i T% i a i e K> convergent in some annulus 9 — e < \ r \< 9, e>0, 
endowed with the derivation d T . Let P(t,d t ) = J2k=o a k(t)d^ G K[t](d t ), 
set Mp := Wi/WfP. We make the following assumptions on the differential 
operator P: 

i) P is singular only at zero and at infinity, and deg(arf(t)) ^ deg(aj(t)) 
for all 1 ^ % ^ d (that is, the formal slopes of the singularity at infinity 
of P are smaller or equal than +1). 

ii) The TZ t (l)— module with connection 7^(1) ®K\t,t- l \ Mp is soluble at 1 
(see 8.7]). 



As in the formal case, if N is a W^-module, on the *4.(c<j) [^-module 
^4(a;)[?y] ®K[rj\ N we will consider the connection given by 

V(a ® n) := d v -i (a) <g> n — a (g) r] 2 d v n. 

Theorem: Let P G K[t](d t ) satisfy the conditions i) and ii) above. Then 
the map 

T : A(u)[rj\ ®kh Mp ^$ (0,oo) (Mp) 

jiuen by T(a <8> m) = a ® m is an isomorphism of A(uj)[t]] -modules with 
connection. 

Proof: It is easy to check that T is a morphism of ^4(u;) [^-modules with 
connection, we have to prove that it is an isomorphism. We have 

$(0,oo) 

V ^ $(0,oo) .p(t/Tr,%ri) 

By ii) we have (with the notations of 0) Ray(1Zi(l) ^K^t- 1 } Mp, 1~) = 1, 
so for A close to +1 we have ||a<i-i(£)||A ^ ^ l \\a>d(t)\\\ (0 Corollaire 6.4]). 
Since P(t,d t ) is singular only at zero and infinity, we have a^if) = a^t 5 , 
with oca G K, so llad^AOlU = U ~ S H a dW IU an d smce <$ ^ deg a d _i(t) for 
all i = 0, . . . , d, we get ||ad_j(t/7r)||.x ^ oj~ 5 \\ad-i(t)\\\, so it follows that 
||a d _i(t/7r)||A < A _i ||a d (t/7r)|| A . If < p < cjA, then 

\\a d (t/7r)\\ x uj d p- d > Wa^it/^Wxuj^ ■ (uj\yp- d > \\a d ^(t/n)\\ X (j d - i ■ p- d+l 
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for A close to one, which is just the condition of dominance for the microdif- 
ferential operator P(t/ir, tt 77) . As in the formal case, it follows now from the 
division theorem that $' 0,oo '(Mp) is a free A(u>) [^-module with basis l®t l , 
i = 0, . . . , 5 — 1, and since T(l <8> (— l^c^/V') = 1 <g> f, the morphism T is 
surjective. 

We compute next the rank over ,A(u;) [77] of ^.(a;)^] CgJcfa] Mp. Denote by 
Q-i G K the (possibly zero) coefficient of t s in aj(t) G if[t]- The coefficient 
of in the differential operator P = P(—d v /7T,7rr]) will be the polynomial 
Q(v) = {-l) S J2i a d-iK d ~ s ~ i r] d ~ i G K[rj\. By condition ii), | a d |^| a* |, 
which implies that the roots of q(rj) are either zero or of absolute value 
smaller than a;" 1 . It follows that q(rj) is a unit of *A(cj)[r/], and then the rank 
of .4.(u;) [77] ®c[rj] Mp over ^.(a;)^] equals S. 

Thus T is an epimorphism between two *4(u;) ^-modules with connection 
of the same rank. Since the ring A{uj) [77] is a localization of A, n -i (u), it follows 
from 8.1], that its kernel is zero and then the theorem is proved. □ 

Since ^4(u;)[r/] is a subring of 1Z v -i(u), we have 

Corollary: Under the same hypothesis of the theorem above, there is an 
isomorphism of TZ v -i (u) -modules with connection 

TZ v -i(oo) <g> KW M? — > K v -i(u) ® A{Lj)[v] $( '°°)(Mp). 



Remark: Given P G i"T[t] (<9 t ) verifying the conditions of the previous theorem, 

- — f or 

one can consider as well the formal Fourier transform of Mp of Mp (that 
is, the one given by t *— > —d v , d t \— ► 77). One can also define a variant $ 1 ^ ' oo ' ) 
of the ring $(°>°°) (taking uj — 1), it is easy to check that one obtains also a 
ring for which the division theorem holds. Then, similarly as in the theorem 
above, one can show that there is an isomorphism of (l)-modules with 
connection 

®c[„] Mp'™" — > ® $i (0,oo) (M P ). 
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However, unlike the p-adic Fourier transform, this formal transformation 
does not extend to the weak completion of the Weyl algebra considered in 
and P|, and I ignore whether it can be related to the sheaf-theoretic Fourier 
transform considered in |3]. 
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